The Friedmann-Robertson-Walker (FRW) cosmology is analyzed with a general potential V(φ) in the scalar field inflation scenario. The Bohmian approach (a WKB-like formalism) was employed in order to constraint a generic form of potential to the most suited to drive inflation, from here a family of potentials emerges; in particular we select an exponential potential as the first non trivial case and remains the object of interest of this work. The solution to the Wheeler-DeWitt (WDW) equation is also obtained for the selected potential in this scheme. Using Hamilton's approach and equations of motion for a scalar field φ with standard kinetic energy, we find the exact solutions to the complete set of Einstein-Klein-Gordon (EKG) equations without the need of the slow-roll approximation (SR). In order to contrast this model with observational data (Planck 2018 results), the inflationary observables: the tensor-to-scalar ratio and the scalar spectral index are derived in our proper time, and then evaluated under the proper condition such as the number of e-folding corresponds exactly at 50-60 before inflation ends. The employed method exhibits a remarkable simplicity with rather interesting applications in the near future.
the authors obtained exact and SR dynamical solutions of a system such as the scalar field potential employed in the form V (φ) ∝ e − 1 √ p φ . Prominently in [19] a radiation fluid was included and an extensive study of the evolution of perturbation in power-law inflation was performed. And a thoroughly classical and quantum analysis, considering dynamical and perturbative aspects, was implemented in [20] [21] [22] [23] [24] [25] [26] . However, even if the above mentioned works rigorously examined the scalar field fluctuations, the observational parameters were not contrasted with the up today most accurate astronomical surveillance data, therefore one of the main reasons for this analysis. Further ahead the results are discussed.
Even more, in [23] the author deals with different values of λ in a V(φ) ∝ e −λφ like potential as a model for the primordial inflation. Indeed, Russo's model is similar to ours albeit treated with a different approach. Russo's solution's are equivalent as well, we were even able to find a direct transformation for the critical value of λ = √ 3,
where he finds the following set of solutions, A(τ ) = e where (P, P 0 ) are integration constants, substituting τ in such solutions yields similar results. However, for the particular case of λ < 1, Russo's analysis concludes that the obtained inflation is eternal, but we found otherwise,
we were able to compute the observables at the appropriate number of e-folding that ensures the end of inflation and compare it with the observational data; thus, imposing a more rigorous analysis of the solutions, such results are discussed within the work.
There are other works of interest that have treated with a similar model, and even under the premise of Super Symmetric Quantum Mechanics [28] [29] [30] where similar solutions are found.
In our approach we use the quantum solution of the Wheeler-DeWitt (WDW) equation, a basic equation in quantum cosmology, from where we obtain a family of scalar potentials in the Bohmian formalism as in previous works [31, 32] , which are found using a constraint equation on the superpotential function S and the amplitude of probability W, which are the solution to the Hamilton-Jacobi equation at quantum level, from here we select an exponential potential for the scalar field as the first non trivial case, which becomes the model of interest for this work. Thus, in that sense, we analyze the case of scalar field cosmology, constructed using a scalar field, and a general potential of the form V(φ) = V 0 e −λφ , for different values of λ for which we find the exact solutions to the EKG equations.
In order to thoroughly contrast the model we analyze the inflationary observables such as the number of e-folds, the tensor-to-scalar ratio and the primordial tilt or scalar spectral index. The analysis of the observables was performed in the same framework as the Planck Collaboration (2018) [9] . The acceleration parameter was computed and used as a constraint on the solutions so that only those that result in a positive acceleration are considered. The analysis was performed using the scalar-field velocity as the parameter of evolution. Finally the results and discussions are presented in the last section of this work.
This work is arranged as follows. In section II we present the model with the action and the corresponding EKG equations for our cosmological model under consideration and the Hamiltonain density as well. In section III we use the Hamiltonian density to compute the corresponding WDW equation, which is solved by using the Bohmian approach (a WKB-like formalism), from there we obtain a family of potentials which are suited to model inflation;
we also obtain the exact solution to the WDW equation using the separation variable method with a general scalar potential. In section IV a complete and exact classical representation of a canonical scalar field with exponential potential in a flat FRW metric is presented; in subsection IV A the inflationary observables are derived and the conditions such as the e-folding function N e and the acceleration parameter are also computed and imposed on the solutions, the results are presented as well. Finally, in section V we present our conclusions for this work.
II. THE MODEL
We begin with the construction of the scalar field cosmological paradigm, which requires a canonical scalar field φ.
The action of a universe with the constitution of such field is
where R is the Ricci scalar, V(φ) is the corresponding scalar field potential, and M 2 P = 1/8πG denotes the reduced Planck mass. The corresponding variation of Eq. (1), with respect to the metric and the scalar field gives the EinsteinKlein-Gordon field equations
From Eq. (2) it can be deduced that the energy-momentum tensor associated with the scalar field is
The line element to be considered in this work is the flat FRW
where N is the lapse function, which in a special gauge one can directly recover the cosmic time t phys (Ndt = dt phys ), the scale factor A(t) = e Ω(t) is in the Misner's parametrization, and the scalar function has an interval, Ω ∈ (−∞, ∞).
The classical solution to Einstein-Klein-Gordon Eqs.(2, 3) can be found using the Hamilton's approach, so we need to build the corresponding Lagrangian and Hamiltonian densities for this cosmological model. In that sense, we use
the momenta and the associated velocities are
and
The Hamiltonian density, written as L = Π− NH, when performing the variation of this canonical Lagrangian with respect to N, i.e. δL/δN = 0, results that it is weakly zero: H = 0. Hence the Hamiltonian density is
III. QUANTUM APPROACH
The Wheeler-DeWitt equation has been treated in many different ways and there are a lot of papers that deal with different approaches to solve it, for instance in [33] , they asked the question of what a typical wave function for the universe is. In [34] there is an excellent summary of a paper on quantum cosmology where the problem of how the universe emerged from a big bang singularity can no longer be neglected in the GUT epoch. On the other hand, the best candidates for quantum solutions are those that have a damping behaviour with respect to the scale factor, since only such wave functions allow good classical solutions when using the WKB approximation for any scenario in the evolution of our universe [35, 36] .
The Wheeler-DeWitt equation for this model is acquired by replacing Π q µ = −i ∂ q µ in Eq. (9) a . The factor e −3Ω
may be factor ordered withΠ Ω in many ways. Hartle and Hawking [35] have suggested what might be called a semi-general factor ordering, which in this case would order e
where Q is any real constant that measures the ambiguity in the factor ordering for the variable Ω. In the following we will assume such factor ordering for the Wheeler-DeWitt equation, which becomes
where the field was re-scaled as φ = √ 12ϕ, and = −
and the potential is U = +24V(ϕ).
A. The Bohmian formalism
The main idea of this approach is the use of a WKB-like ansatz for the wave function
where S ( µ ) is known as the superpotential function and W is the amplitude of probability that is employed in Bohmian formalism [37] , which is then introduced into Eq.(11), obtaining
a Only for convenience in this section we set M P = 1 which are ordered in power of ,
From this expansion we can see that the first term corresponds to the quantum potential in a Hamilton-Jacobi like equation, for 2 we have a constraint equation and for the linear we have the imaginary part, thus
B. Our approach to obtain a family of scalar potentials
The following approach has been proposed before (see [31] ), so we use the same steps to obtain the corresponding scalar potential. First we solve Eq. (15a)
and using the following ansatz for the superpotential function S = e 3Ω g(ϕ)/µ, then Eq. (16) becomes an ordinary differential equation for the unknown function g(ϕ) in terms of the scalar potential U(ϕ),
this equations has several exact solutions, which can be generated in the following way when we consider that
, where g(ϕ) and G(g) are functionals of the argument, yet to determine, then introducing this into Eq. (17), this one can be written in quadrature as
in Table I appears the family of potentials and its corresponding generic functions found using this approach for the inflationary epoch,
To solve the equation for the W function, Eq.(15c), we introduce the ansatz W = e u(Ω)+v(ϕ) , by using the separation variable method we obtain the following two equations for the functions (u,v),
where we have implemented a separation constant as 3k for simplicity. The corresponding solutions become
ω(ϕ) = sinh(3∆ϕ) 
If we restrict the solutions in Eqs. (17, 24) to comply with the constraint Eq. (15b), this results in the next
Considering the particular case for the function g = e − λ 2 ϕ , and its corresponding scalar potential is U(ϕ) = V 0 e −λϕ , yields a constraint between all constants
thus, the amplitude of probability W becomes
However, to study all the obtained potentials is an exhaustive work and as such we chose the exponential potential as the first non trivial case to model inflation, and it remains as the object of interest through this work.
IV. CLASSICAL SOLUTIONS USING AN EXPONENTIAL POTENTIAL OF THE FORM: V = V0e
Using the gauge N = 24e 3Ω , the Hamiltonian density is
working with the Hamilton's equations of motion we have the canonical velocities and momentȧ
from here one can obtain a relation between Π Ω and Π φ aṡ
yielding a relation between the two momenta
where P 0 is an integration constant and remains a free parameter of the model to be adjusted with the observable data. Substituting Eq.(32) in the Hamiltonian density, Eq.(28) (H = 0), we arrive to the following relatioṅ
which solution is
where P 1 is a time-like integration constant. With Eq.(34), the canonical momentum Π φ and the rest of variables can be solved. Hence the solutions are
This set of solutions is a complete and exact classical representation of a canonical scalar field with exponential potential in a flat FRW metric. Also from Eqs. (37, 38) we find the following relation between the coordinates fields (Ω, φ):
for V 0 > 0 we have that λ 2 < 3; constricting the domain of λ we subsequently work with.
A. Observables
Inflation is characterised by the number of e-folds it expands during such period, that corresponds to A phys > 0, where the primes represent the derivatives with respect to the cosmic time t phys . The e-folding function N e = dt phys H(t phys ) is described by t phys : computing the integral from t phys * to t phys end ; where t phys * represents the time when the relevant cosmic microwave background (CMB) modes become superhorizon at 50-60 e-folds before inflation ends at t phys end ; and H(t phys ) = H phys = A phys /A phys is the Hubble parameter. Although, in our prescription we use a proper time t, we can evaluate the Hubble function in the corresponding gauge as H phys =Ω/N. Moreover, in order to compute the function N e , it is convenient to use another variable to describe such quantity; let us useφ, the scalar field velocity, instead of the proper time t as an evolution parameter. Hence, taking the time derivative of Eq. (37),
where
this variable x must satisfy that |x| > 1 in order to have t . At the end of inflation the expansion rate of the scale factor must be null which translates to −H phys = H 2 phys orΩ = 2Ω 2 . From here we can compute the time when inflation ends, which is
Then comparing above result and Eq. (40), at the end of inflationφ end iṡ
Henceforth we will useφ as the evolution parameter. The number of e-folds is
where x * , implyingφ * , is to be determined at 50-60 e-folds before inflation ends, and
For the standard Bunch-Davies vacuum phase space distribution at the time when observable CMB scales leave the horizon during inflation, t phys * , the scalar amplitude of the primordial perturbations ∆ 
where H phys * =Ω * /N * and φ phys * =φ * /N * ; therefore in our proper time we have
We need to have a relation of Ω * = Ω(φ * ) (given that N = 24e 3Ω ) andΩ * =Ω(φ * ). First we havė
and then
where the term (x * + 1)
can be found when inverting Eq. (44); as a result we have that
therefore ∆ 2 R in terms ofφ * reads as
once we fix ∆ 2 R = 2.215 × 10 −9 [9] one can obtain Ω 0 at 50-60 e-folds before inflation ends.
Since we want to contrast the observables parameters with Planck data, we need to evaluate the scalar spectral index n s at horizon crossing, which is defined as
where dN e /d ln k 1, since at horizon crossing (k = A phys * H phys * ) we have that ln k = N e + ln H phys * and d ln H phys * /dN e 1 or −H phys * /H 2 phys * 1. In order to write down n s = n s (φ * ); we have
then the time derivative of the scalar amplitude is
thus the spectral index is
Once again we need to have a relation ofΩ * =Ω(φ * ) andφ * =φ(φ * ). First we have thatΩ =φ/(2λM P ), so we need only one relationφ * =φ(φ * ); hencë
Now we can finally compute the spectral index in terms of the desired parameter, thus
The next observational parameter is the tensor-to-scalar ratio r, which is
is the tensor power spectrum. Then
Finally, combining Eqs.(57,60) we obtain
Eq.(61) turns out to be a very interesting result since in the slow-roll approximation n s and r are related as n s = 1 − r/8, which means that the exact solutions of this model yield a general relation between the scalar spectral index and the tensor-to-scalar ratio that includes λ, which parametrises the slope of the potential.
Furthermore, as mentioned before, inflation happens in a period such that A phys > 0, then H phys + H 2 phys > 0; where in our gauge or proper time, inflation occurs only whenΩ − 2Ω 2 > 0. Taking the time derivatives to Eq.(38) yields
We have that for −1 < λ < 1 the condition that must be satisfied is
Above condition, Eq.(63), must be fulfilled during the whole dynamics. Once again, it is convenient to parametrise the evolution withφ: we substitute Eq.(40) into Eq.(63) having
after giving a massage to above equation, we have
This is a very important outcome since we can relate previous results. For instance, the maximum limit of Eq. (65) corresponds to the exact expression of Eq.(43) (with theφ end+ root), which precisely indicates when inflation ends regarding any value of λ. Moreover, having the minimum valueφ we can compute the number of e-folds. Following the same notation; substituting the maximum value as x end (φ end = 24P0/(λ − 1)) and the minimum as x * (φ * = −24P0/(λ + 1)) in Eq. (41) such as
then substituting above equations in Eq. (44), we have
With this Eq.(67) one can solve the number of e-folds without the dependency ofφ * . Besides, with this choice oḟ φ * we find that the tensor-to-scalar ratio is exactly r = 32. This result implies that r is very large by contrasting to the latest Plank survey 2018 [9] , where r 0.064.
In addition we have that for 1 < λ < √ 3 and − √ 3 < λ < −1 the conditions that must be satisfied are coth 12 √ 3M P P 0 (t − P 1 ) < ξ − and coth 12
then performing the same previous procedure we have thaṫ
Hence Eqs.(65, 69) are the constraints that must be satisfied in order to have an accelerated expansion. The two distinct domains for λ, result in two different parameter spaces of {P 0 , P 1 , λ,φ * }, in our analysis we restricted this parameters to those regions that are the most relevant in regards to the observable functions and at the same time ensuring that the inflationary constrictions are satisfied. Besides, given that negative values of λ correspond to a mirror-like parameter space with an equivalent outcome, thus we only report the region where λ > 0. Therefore for 0 < λ < 1: P 0 [−18, 0) and P 1 M P [13, 30) ; and for 1 < λ < √ 3: P 0 [−2, 0) and P 1 M P [0, 0.5). Where in both casesφ * must satisfy Eqs.(65, 69). In Figure 1 we present the results when evaluating numerically the observables n s and r at 50-60 e-folds before inflation ends. By fixing the primordial tilt at 0.9 ≤ n s ≤ 1 and considering the two different domains of λ, this yields two well defined regions in the plot for the tensor-to-scalar ratio. The red contour represents the computed values when 0 < λ < 1, where 32 ≤ r 48; on the other hand the blue region corresponds to the set of parameters when 1 < λ < √ 3, having that 65.45 r 66.85. Indeed, since the contribution of the tensor fluctuations in the tensorto-scalar ratio is rather small [9] , these results picture a disappointing outcome in regards to the phenomenological aspect of this inflationary scenario. Thus, once and for all ruling out this potential when studying the primordial inflation. However, such potential could be relevant in the description of the late time acceleration of the universe in terms of quintessence [38] .
V. CONCLUSIONS
The Quantum approach with a WKB-like ansatz for the wave function, was employed in a Bohmian formalism [37] , where the proposal [31] was followed in order to find a family of canonical potentials. For the first non trivial case to model inflation, we selected an exponential potential of the form V = V 0 e − λφ Mp . With this concrete shape of the potential we computed the Hamiltonian's equations of motion using a particular gauge; having thus the exact set of classical solutions of the relevant dynamical parameters. We found that V 0 > 0 only when λ 2 < 3, thus restricting the value of λ purely from dynamics. We computed the observable constraints: ∆ 2 R , n s and r, in our proper time; and we were able to evaluate them when the relevant cosmic microwave background (CMB) modes become superhorizon at 50-60 e-folds before inflation ends. We constrained the parameter space: {P 0 , P 1 , λ,φ * }, in order to have an accelerated expansion, following a very restrict set of conditions. To our knowledge, for this particular model of inflation, the observables have not been rigorously evaluated at horizon crossing, since it was believed that this scenario exhibited eternal acceleration when λ < 1 [23] . Hence, we show that inflation indeed ends regarding any value of λ 2 < 3. However, the observable parameters present a very discouraging behaviour; for instance by fixing the scalar spectral index within the observational window (0.9 ≤ n s ≤ 1), we found that the tensor-to-scalar ratio is r ≥ 32,
and by contrasting it with r 0.064 (Planck [9] ), there is rather large discrepancy with the latest Plank 2018 data.
Even though the model is not as phenomenological fitting as expected, the employed method exhibits a remarkable simplicity with rather interesting applications in the near future, perhaps it would require more considerations or further refinement; nevertheless, more potentials or specific models could be analyzed under such procedure.
